Abstract. We propose a Hodge theory for the spaces E p, q 2 featuring at the second step either in the Frölicher spectral sequence of an arbitrary compact complex manifold X or in the spectral sequence associated with a pair (N, F ) of complementary regular holomorphic foliations on such a manifold. The main idea is to introduce a Laplace-type operator associated with a given Hermitian metric on X whose kernel in every bidegree (p, q) is isomorphic to E p, q 2 in either of the two situations discussed. The surprising aspect is that this operator is not a differential operator since it involves a harmonic projection, although it depends on certain differential operators. We then use this Hodge isomorphism for E p, q 2 to give sufficient conditions for the degeneration at E 2 of the spectral sequence considered in each of the two cases in terms of the existence of certain metrics on X. For example, in the Frölicher case we prove degeneration at E 2 if there exists an SKT metric ω (i.e. such that ∂∂ω = 0) whose torsion is small compared to the spectral gap of the elliptic operator ∆ ′ + ∆ ′′ defined by ω. In the foliated case, we obtain degeneration at E 2 under a hypothesis involving the Laplacians ∆ ′ N and ∆ ′ F associated with the splitting ∂ = ∂ N + ∂ F induced by the foliated structure.
Introduction
This paper comprises two parts as it gives various sufficient conditions of a metric nature for the degeneration at E 2 of the Frölicher spectral sequence of compact complex manifolds (Part I) and for the degeneration at E 2 of the spectral sequence associated with a complementary pair of foliations (N, F ) on a compact complex manifold (Part II). The first part is meant to serve as a blueprint for the second part. We briefly describe in this introduction the main results and ideas in each of the two parts.
where the notation is the standard one: [A, B] := AB − (−1) a b BA denotes the graded commutator of any pair of endomorphisms A, B of respective degrees a, b of the graded algebra C ∞ •, • (X, C) of smooth differential forms on X, while τ = τ ω := [Λ, ∂ω ∧ ·] is the torsion operator of order zero and bidegree (1, 0) associated with ω (cf. [Dem97, VII, §.1.]) and Λ = Λ ω is the formal adjoint of the Lefschetz operator L := ω ∧ · w.r.t. the L 2 inner product induced by ω on differential forms. The second sufficient condition of a metric nature for the degeneration at E 2 of the Frölicher spectral sequence of X that we give is the existence on X of an SKT metric ω (i.e. a Hermitian metric ω such that ∂∂ω = 0) whose torsion is small in the sense that the upper bound of the torsion operator Z ω (which is bounded) is dominated by a certain fixed multiple of the smallest positive eigenvalue of the non-negative self-adjoint elliptic operator ∆ ′ + ∆ ′′ in every bidegree (p, q).
Theorem 1.2 Let X be a compact complex n-dimensional manifold. If X carries an SKT metric ω whose torsion satisfies the condition sup u∈C ∞ p, q (X, C), ||u||=1
for all p, q ∈ {0, . . . , n}, then the Frölicher spectral sequence of X degenerates at E 2 .
By (∆ ′ + ∆ ′′ ) p, q we mean the operator ∆ ′ + ∆ ′′ acting on (p, q)-forms, while Spec (∆ ′ + ∆ ′′ ) p, q stands for its spectrum and || · ||, ·, · denote the L 2 -norm, resp. the L 2 -inner product induced by ω on differential forms. Thus, the r.h.s. in (2) is a third of the size of the spectral gap of ∆ ′ + ∆ ′′ , an important quantity standardly associated with a given metric ω.
We also give a third sufficient condition of a metric nature for the degeneration at E 2 of the Frölicher spectral sequence of X as follows. It, too, involves the torsion of the metric. Theorem 1.3 Let X be a compact complex manifold. If X carries an SKT metric ω (i.e. such that ∂∂ω = 0) with the property R ω u, u = 0 for all (p, q)-forms u ∈ ker ∆ ′ p ′′ ∩ ker ∆ ′′ of all bidegrees (p, q),
the Frölicher spectral sequence of X degenerates at E 2 .
We do not know at this point whether the mere existence of an SKT metric on X suffices to ensure that E 2 (X) = E ∞ (X) in the Frölicher spectral sequence, although this seems to be the case on all the examples of compact complex manifolds X that we are aware of 1 . It is tempting to wonder whether the connection ∂ +∂ can be changed in such a way that the spectral gap of ∆ ′ + ∆ ′′ becomes larger than the triple of the torsion operator bound (which remains unchanged if the metric does) and thus satisfies hypothesis (2). It is with this question in mind that we computed a BochnerKodaira-Nakano-type formula for the Witten Laplacians as Theorem 9.5 in §.9.1 of the Appendix. We hope this formula will be of independent interest as the Witten twisting of the connection only changes the resulting cohomology (hence the associated spectral sequence) by an isomorphism. Meanwhile, we shall see that if X carries an SKT metric ω for whichR ω = 0 as an operator in all bidegrees, then the Frölicher spectral sequence of X degenerates even at E 1 (cf. Remark 5.7).
Part II. Let X be a compact complex manifold of dimension n. Suppose the holomorphic tangent bundle T 1, 0 X splits into the direct sum of two holomorphic subbundles N, F both of which are Frobenius integrable. This means that
where [·, ·] stands for the Lie bracket. We may call such a splitting an integrable holomorphic almost product structure on X by analogy with the real counterpart (see e.g. [Rei58] ). By definition, it consists in a pair of complementary regular holomorphic foliations (N, F). Let r, n − r denote the ranks of N, resp. F . The splitting of T 1, 0 X induces, for each k ∈ {0, 1, . . . , n}, a splitting of
The sections of Λ p N ⋆ ⊗ Λ q F ⋆ will be called (k, 0)-forms (or simply k-forms) of (N, F )-type (p, q). The space of smooth global such forms on X will be denoted by E p, q (X) = E p, q N, F (X). This is a subspace of the space E k (X) of all smooth global (k, 0)-forms (w.r.t. the complex structure of X). Thanks to the integrability assumption on both N and F , the operator ∂ : E k (X) −→ E k+1 (X) splits as ∂ = ∂ N + ∂ F , where ∂ N : E p, q (X) −→ E p+1, q (X) differentiates in the N-directions and ∂ F : E p, q (X) −→ E p, q+1 (X) differentiates in the F -directions while both ∂ N and ∂ F are integrable (i.e. ∂ 2 N = 0 and ∂ 2 F = 0). We are interested here in finding sufficient conditions under which the spectral sequence associated in the usual way with such an integrable holomorphic almost product structure (N, F ) on X degenerates at E 2 . The degeneration at E 2 is the best we can hope for since the spaces E p, q 1 are not even finite-dimensional due to the lack of ellipticity of ∆ that will be our main tool in Part II. Unlike its analogue ∆ of Part I, ∆ ′ is not a pseudo-differential operator since p ′ F is a projector onto an infinite-dimensional space. Our hope, to be investigated in future work, is that p ′ F will be, at least under certain conditions, a Fourier integral operator (FIO) with a complex phase in the sense of Melin-Sjöstrand [MS74] and Boutet de Monvel-Sjöstrand [BS76] . We put ∆
Compared to the situation discussed in Part I, the main difference and new difficulty involved in Part II is that ∆ ′ F is not elliptic (unlike ∆ ′′ ), so the trivial inequality ∆ ′ ≥ ∆ ′ F does not reduce us to an elliptic operator whose Gårding inequality can induce a similar inequality for ∆ ′ . Unless a notion of ellipticity can be satisfactorily defined for ∆ ′ under certain conditions and subsequently used to infer that under those conditions ker ∆ ′ is finite-dimensional and Im ∆ ′ is closed (our goal for future work), the only option available to us in this work is to ensure that under a certain hypothesis (see (92)) we have
for some constant 0 < ε < 1. We then use the ellipticity of ∆ 
for all p, q. Then (a) the following Hodge isomorphism holds:
where the E p, q 2 (N, F ) are the spaces of (N, F )-type (p, q) featuring at step 2 in the spectral sequence induced by (N, F ). Thus, every class
relating the differential structure of X encoded in the De Rham cohomology to its complex structure. The spectral sequence is said to degenerate at E r if E p, q r = E p, q r+1 for all p, q (hence then also E p, q r = E p, q r+l = E p, q ∞ for all l ≥ 0). This is a purely numerical property equivalent to the identities p+q=k dim E p, q r = b k := dim H k DR (X, C) for all k ∈ {0, . . . , 2n} and also to the inequalities
since the reverse inequalities always hold thanks to (11) and to the obvious inequalities dim E
r+1 ≥ . . . . All these dimensions are, of course, always finite by compactness of X and, for example, ellipticity of ∆ ′′ . The degeneracy at E r of the spectral sequence will be denoted by E r (X) = E ∞ (X). For further details, see e.g. [Dem96] .
3 Pseudo-differential Laplacian and Hodge isomorphism for E p, q 2
Let ω be an arbitrary Hermitian metric on X. Consider the formal adjoints ∂ ⋆ ,∂ ⋆ of ∂, resp. ∂ w.r.t. the L 2 inner product defined by ω and the usual Laplace-Beltrami operators
It is standard that they are elliptic, self-adjoint and non-negative differential operators of order 2 that induce 3-space orthogonal decompositions
where the harmonic spaces ker
We denote by
the orthogonal projections defined by the orthogonal splittings (13) onto the ∆ ′ -harmonic, resp. the ∆ ′′ -harmonic spaces in bidegree (p, q). Similarly, let
are not differential operators and depend on the metric ω. They clearly satisfy the properties:
We start by giving a metric interpretation of the spaces E p, q 2 in the Frölicher spectral sequence of X.
Proposition 3.1 For every p, q = 0, 1, . . . , n, define the ω-dependent C-vector space
in which all the kernels and images involved are understood as subspaces of
denote the class of α modulo Im∂+Im (∂ | ker∂ ). Then, for every p, q, the following linear map
is well defined and an isomorphism.
Proof. First note that the inclusion Im∂ + Im (∂ | ker∂ ) ⊂ ker(p ′′ • ∂) ∩ ker∂ does hold, so the space
Then note that for any
′′ ⊕ Im∂ (because α ∈ ker∂ and (14) holds) and p ′′ (∂α) = 0 (because α ∈ ker(p ′′ • ∂)). The last two relations amount to ∂α ∈ Im∂. This is equivalent to [∂α] 
To complete the proof of the well-definedness of T , it remains to show that [[α]∂] d 1 does not depend on the choice of representative α of the class [α], i.e. that the zero element of H p, q (X, C) is mapped by T to the zero element of E p, q 2 . To prove this, let α ∈ ker(p ′′ • ∂) ∩ ker∂ be a (p, q)-form such that α =∂u + ∂v with v ∈ ker∂. We want to show that
. This is equivalent to showing that α = ∂β +∂γ for some β ∈ C ∞ p−1, q (X, C) such that∂β = 0 and some γ ∈ C ∞ p, q−1 (X, C). We can choose β := v and γ := u.
[∂α]∂ = 0 (i.e. ∂α ∈ Im∂, which is equivalent, since we already have ∂α ∈ ker∂ = ker ∆ ′′ ⊕ Im∂, to
The isomorphism (19) naturally prompts the introduction of a Laplace-type operator which, surprisingly, is not a differential operator. It will be the main tool of investigation in this paper.
Definition 3.2 Let (X, ω) be a compact Hermitian manifold with dim C X = n. For every p, q ∈ {0, 1, . . . , n}, we define the operator ∆ :
In other words, we have
Thus ∆ is the sum of a pseudo-differential regularising operator (∆ ′ p ′′ ) and an elliptic differential operator of order two (the classical∂-Laplacian ∆ ′′ ).
Clearly, ∆ is a non-negative self-adjoint operator whose kernel is ker ∆ = ker ∆
for any form u. Indeed, for example,
We now pause briefly to notice some of the properties of ∆. 
(iii) For all p, q, ∆ :
behaves like an elliptic self-adjoint differential operator in the sense that ker ∆ is finite-dimensional, Im ∆ is closed and finite codimensional in C ∞ p, q (X, C), there is an orthogonal (for the L 2 inner product induced by ω) 2-space decomposition
giving rise to an orthogonal 3-space decomposition
Moreover, ∆ has a compact resolvent which is a pseudo-differential operator G of order −2, the Green's operator of ∆, hence the spectrum of ∆ is discrete and consists of non-negative eigenvalues that tend to +∞.
Taking successively u = ∂ ⋆ v with v ∈ C ∞ p+1, q (X, C) and u = ∂w with w ∈ C ∞ p−1, q (X, C), we get
Formula (24) follows at once from these identities.
(iii) Since ker ∆ ⊂ ker ∆ ′′ and the latter kernel is finite-dimensional thanks to ∆ ′′ being elliptic, ker ∆ is finite-dimensional.
The operator ∆ is elliptic pseudo-differential as the sum of an elliptic differential operator and a regularising one, so the elliptic theory applies to it. But we can also argue starting from the obvious inequality ∆ ≥ ∆ ′′ ≥ 0 (which follows from ∆ ′ p ′′ u, u ≥ 0 for all u) and combining it with the Gårding inequality for the elliptic differential operator ∆ ′′ . We get constants δ 1 , δ 2 > 0 such that 
This suffices to prove that Im ∆ is closed by the usual method using the Rellich Lemma (see e.g. [Dem96, 3.10, p. 18-19]). From closedness of Im ∆ and self-adjointness of ∆ we get (25). Now (26) is easily deduced from (25) as follows. It is clear that
Indeed, we can easily check that the middle sum on the r.h.s. of (30) is orthogonal. We have
for all u ∈ ker∂ and all v. Now, putting together (25) and (30), we get
in which the inclusion must be an equality because all the three mutually orthogonal spaces on the r.h.s. are contained in C ∞ p, q (X, C). This proves (26) and also that the inclusion in (30) is an equality. The first of the three 2-space decompositions stated after (26) will be proved as (34) in the proof of the next Theorem 3.4, while the second one can be proved analogously. The third one is (30) that was seen above to be an equality.
The last two statements about the Green's operator and the spectrum are proved in the usual way using the elliptic theory.
We can now state our Hodge isomorphism for the spaces E p, q 2 in the Frölicher spectral sequence.
Theorem 3.4 Let (X, ω) be a compact Hermitian manifold with dim C X = n. For every p, q ∈ {0, 1, . . . , n}, let H p, q ∆ (X, C) stand for the kernel of ∆ acting on (p, q)-forms. Then the map
is an isomorphism. In particular, its composition with the isomorphism T :
defined in (19) yields the Hodge isomorphism
Thus, every class
contains a unique ∆-harmonic representative α.
Proof. Thanks to (22), we have
In particular, every form α ∈ H
, so the map S p, q is well defined. We now prove the following orthogonal decomposition
where ker ∆ = H p, q ∆ (X, C) is given by (33). It is clear that (34) implies that S is an isomorphism. Thanks to the 3-space orthogonal decomposition (26), proving (34) is equivalent to proving
Now, the r.h.s. term in (35) is the intersection of (Im (
This proves (35), hence also (34). .
Harmonic metrics for the pseudo-differential Laplacian
It is well known that only Kähler metrics are harmonic for the most commonly used Laplace-type operators they induce. We shall now point out which Hermitian metrics lie in the kernel of ∆ 
(ii) In particular, if ∂ω ∈ Im∂ and ∂ω n−1 ∈ Im∂, then ∆
If ω is both SKT (i.e. ∂∂ω = 0) and Gauduchon (i.e. ∂∂ω n−1 = 0), the next equivalences hold:
We shall term the metrics ω with the property ∂ω ∈ Im∂ super SKT, while those satisfying ∂ω n−1 ∈ Im∂ are the strongly Gauduchon (sG) metrics of [Pop13] .
These conditions are, in turn, equivalent to the conditions stated on the r.h.s. of (36) thanks to the orthogonal 3-space decomposition
. This proves (36) and (37) is proved similarly.
(ii) It suffices to show that the sG condition ∂ω n−1 ∈ Im∂ is equivalent to ∂ ⋆ ω ∈ Im∂ ⋆ and that the super SKT condition ∂ω ∈ Im∂ is equivalent to ∂ ⋆ ω n−1 ∈ Im∂ ⋆ . This follows immediately from the Hodge star operator ⋆ = ⋆ ω : Λ p, q T ⋆ X −→ Λ n−q, n−p T ⋆ X being an isomorphism and from the well-known formulae
For example, we have the equivalences:
where the last equivalence follows by conjugation.
(iii) The SKT condition ∂∂ω = 0 is equivalent to ∂ω ∈ ker∂ (and also to ∂ ⋆ ω n−1 ∈ ker∂ ⋆ ), while the Gauduchon condition ∂∂ω n−1 = 0 is equivalent to ∂ω n−1 ∈ ker∂ (and also to ∂ ⋆ ω ∈ ker∂ ⋆ ). Thus, the equivalences (38) follow from (i), (ii) and from the orthogonal splittings ker∂ = ker ∆ ′′ ⊕ Im∂ and ker∂
We do not know at this point whether non-Kähler Hermitian metrics that are both super SKT and strongly Gauduchon exist. The author is grateful to L. Ugarte for informing him that (1) no such metrics exist on nilmanifolds of complex dimension 3; (2) on nilmanifolds of complex dimension 3, there exist non-Kähler Hermitian metrics that are both SKT and strongly Gauduchon.
5 Sufficient metric conditions for the E 2 degeneration of the Frölicher spectral sequence
Throughout this section, (X, ω) will be a compact Hermitian manifold with dim C X = n. Recall that for every k ∈ {0, . . . , 2n}, the d-Laplacian ∆ : We start with the following very simple observation.
Lemma 5.1 (a) If for every p, q ∈ {0, 1, . . . , n} the following map induced by the identity
is well defined, then the Frölicher spectral sequence of X degenerates at E 2 .
(b) A sufficient condition for the map J p, q to be well defined is that the following inequality hold
for some constants C ≥ 0 and 0 < ε ≤ 1 depending only on X, ω and (p, q). (40) implies the degeneracy at E 2 of the Frölicher spectral sequence of X.
Proof. (a) Well-definedness for J p, q means that for every smooth (p, q)-form γ we have ∆γ = 0 whenever ∆γ = 0. It is clear that J p, q is automatically injective if it is well defined, hence in that
(X, C) by the Hodge isomorphism (32) and the images
have pairwise intersections reduced to zero for p+q = k for bidegree reasons. Inequality (41) is precisely the degeneracy condition (12) at E 2 .
(b) Clearly, a sufficient condition for J p, q to be well defined is that the following inequality hold 
It is now clear that (40) implies (42) with a possibly different constant C, so (40) implies the well-definedness of J p, q .
Concerning inequality (40), note that the stronger inequality ∆ ′ γ, γ ≤ C ∆ ′′ γ, γ for all (p, q)-forms γ and all bidegrees (p, q) implies the degeneracy at E 1 of the Frölicher spectral sequence, but we shall not pursue this here.
Use of (b) of Lemma 5.1
We shall now concentrate on proving inequality (40) under the SKT assumption (i.e. ∂∂ω = 0) coupled with a torsion assumption on the metric ω.
Lemma 5.2 A sufficient condition for (40) to hold (hence for E 2 (X) = E ∞ (X)) is that there exist constants 0 < δ < 1 − ε < 1 and C ≥ 0 such that the following inequality holds
for every form u ∈ C ∞ p, q (X, C) and every bidegree (p, q). (Note that all the terms on the r.h.s. of (44) are of order zero, hence bounded, while the last and only signless term vanishes if ω is SKT.)
Proof. By Demailly's non-Kähler Bochner-Kodaira-Nakano identity ∆ (40) is equivalent to each of the following inequalities:
, inequality (45) holds if the following inequality holds
Now, suppose that 0 < ε < 1 and choose any 0 < δ < 1 − ε. The Cauchy-Schwarz inequality gives
Thus, for (46) to hold, it suffices that the following inequality hold:
This is equivalent to (44) since
thanks to the obvious orthogonality relations
To apply Lemma 5.2, we start with a very simple elementary observation. Proof. We have to prove that Bu, u ≤ Au, u for all u. Since A is closed, ker A is closed in H, so every u ∈ H splits uniquely as
Indeed, for every u ⊥ A ∈ (ker A) ⊥ and every v ∈ ker A, we have:
Therefore, for every u, we get:
A , u = Bu, u . The second identity above followed from (48), the inequality followed from the hypothesis and the last two identities followed from the next relations:
We shall now apply Lemma 5.3 to the non-negative self-adjoint operators
for which we obviously have ker B = ker ∆
The choice of constants C > 0 and 0 < ε < 1 will be specified later on.
We know from (b) of Lemma 5.1 that a sufficient condition for E 2 (X) = E ∞ (X) in the Frölicher spectral sequence is the validity of inequality (40), i.e. of the inequality B ≤ A. By Lemma 5.3, this is equivalent to having B ≤ A on (ker A) ⊥ = (ker ∆ ′ ∩ ker ∆ ′′ ) ⊥ . Now, the proof of Lemma 5.2 shows that for this to hold, it suffices for the inequality (47) to hold on (ker ∆ ′ ∩ ker ∆ ′′ ) ⊥ . If we assume ∂∂ω = 0, after bounding above ||p ′′ ⊥ v|| by ||v|| for v ∈ {∂u, ∂ ⋆ u, τ u, τ ⋆ u} in the r.h.s. of (47), we see that it suffices to have
for all u ∈ (ker ∆ ′ ∩ ker ∆ ′′ ) ⊥ and some fixed constants C > 0, 0 < δ < 1 − ε < 1. Now, we choose the constants such that δ = 1 − 2ε > 0 (so 0 < ε < 1 2 ) and C = 1 − ε − δ = ε. Thus, (1/δ) − 1 = 2ε/(1 − 2ε). If, moreover, we choose ε such that 2/(1 − 2ε) < 3 (i.e. such that 0 < ε < 1/6), (49) holds with these choices of constants whenever the following inequality holds:
For all p, q ∈ {0, . . . , n}, the non-negative self-adjoint differential operator C) is elliptic. Therefore, since X is compact, it has a discrete spectrum contained in [0, +∞) with +∞ as its only accumulation point. In particular, it has a smallest positive eigenvalue that we denote by
Thus, ρ p, q ω is the size of the spectral gap of ∆ ′ + ∆ ′′ acting on (p, q)-forms. We get
On the other hand, the non-negative torsion operator [τ,
⋆ ] is of order zero, hence bounded, hence
where
We conclude from (52) and (53) for all p, q ∈ {0, . . . , n}, then the Frölicher spectral sequence of X degenerates at E 2 .
5.2 Use of (a) of Lemma 5.1
We shall now give a different kind of metric condition ensuring that E 2 (X) = E ∞ (X) in the Frölicher spectral sequence.
Lemma 5.5 Let X be a compact complex manifold with dim C X = n. If X admits a Hermitian metric ω whose induced operators
Proof. As noticed in (22), we always have ker ∆ This shows that the identity map induces a well-defined linear map H
We now use Lemma 5.5 to give two sufficient metric conditions ensuring that E 2 (X) = E ∞ (X) in the Frölicher spectral sequence. The following theorem subsumes Theorems 1.1 and 1.3.
Theorem 5.6 Let X be a compact complex manifold with dim C X = n. (i) For any Hermitian metric ω on X, the following three conditions are equivalent:
where the second identity followed from p ′′ ∂ = ∂p ′′ (which also implies p ′′ ∂ ⋆ = ∂ ⋆ p ′′ ) and the last identity followed from u ∈ ker ∆ ′′ (which amounts to p ′′ u = u). Thus ∆ ′ u = 0, i.e. u ∈ ker ∆ ′ . This proves (55), so Lemma 5.5 applies.
(ii) We prove that inclusion (55) holds under the assumptions made. Let u ∈ ker ∆ ′ p ′′ ∩ ker ∆ ′′ . Note that the conjugate of Demailly's non-Kähler Bochner-Kodaira-Nakano identity ∆
Thanks to formula (58), we have
where we have used the SKT assumption on ω to haveT ω reduced to −[∂ω ∧ ·, (∂ω ∧ ·) ⋆ ] in formula (58) and the argument below to infer that [∂,
The r.h.s. of (61) vanishes thanks to the hypothesis (56), so ∆
Remark 5.7 The proof of (ii) of the above Theorem 5.6 shows that if X carries an SKT metric ω whose torsion satisfies the condition [τ,
, then the Frölicher spectral sequence of X degenerates at E 1 .
Proof. To get E 1 degeneration, it suffices for the inclusion H p, q
′′ -, resp. ∆-harmonic spaces to hold for all p, q. (The argument is analogous to the one for (a) of Lemma 5.1.) Now, (59) holds for all u ∈ H p, q ∆ ′′ (X, C) if ω is SKT, hence ∆ ′ u = 0 whenever ∆ ′′ u = 0 under the present assumptions. Then, by (43), we get ∆u = 0 for all (p, q)-forms u satisfying ∆ ′′ u = 0 and for all p, q. This proves the above inclusion, hence the contention.
Alternative expression for the torsion operatorR ω
We shall now compute the operatorR ω :
of Theorem 5.6 in terms of the non-negative operatorS ω (cf. (1)).
Lemma 5.8 Let (X, ω) be an arbitrary compact Hermitian manifold of dimension n.
The following formula holds:
where, as usual, L = L ω := ω ∧ ·. Moreover, for any bidegree (p, q),
where the last but one identity followed from [L,∂ω ∧ ·] = 0 seen above. Putting together (64), (66) and (67), we get:
A new application of Jacobi's identity spells 
Then we notice the general fact that for every (p, q)-forms u, v we have:
It is now clear that the combined (70) and (72) prove (63) because Λ u, Λ(S ω u) is the conjugate of Λ(S ω u), Λ u and u,S ω u = S ω u, u .
Putting the hypothesis ∂p
We now reinterpret the commutation of ∂ with p ′′ (the simplest sufficient condition for E 2 (X) = E ∞ (X) found so far, cf. Theorem 5.6).
Lemma 5.9 Let (X, ω) be a compact Hermitian manifold. The following implication and equivalence hold:
Proof. Suppose that ∂∆ ′′ = ∆ ′′ ∂. Then, taking adjoints, we also have
Now suppose that (74) holds. We shall prove that ∂p ′′ = p ′′ ∂. Let u be an arbitrary smooth form. Then u splits as u = u 0 +∂v +∂ ⋆ w with u 0 ∈ ker ∆ ′′ . Thus ∂p ′′ u = ∂u 0 and Part II: E 2 degeneration of the spectral sequence associated with a pair of foliations 6 Review of standard material Let X be a compact complex manifold of dimension n endowed with a complementary pair of regular foliations (N, F ) (cf. (4)). We keep the notation used in the Introduction.
Global picture. The integrability of both F and N induces a splitting
of ∂ into components of (N, F )-types (1, 0), resp. (0, 1), that are intrinsically defined by the following formulae (see e.g. [Raw77] ) modelled on the classical Cartan formula. For any α ∈ C ∞ (X, Λ q F ⋆ ) (i.e. for any global smooth (q, 0)-form of (N, F )-type (0, q)) and any ξ 0 , . . . , ξ q ∈ C ∞ (X, F ) (i.e. for any global vector fields of (N, F )-type (0, 1)), we set
This defines a form 
This defines a form
Again by the integrability of F , we have ∂ Local picture. The integrability of both F and N implies that in a neighbourhood U of any point x ∈ X there exist local holomorphic coordinates z 1 , . . . z r , z r+1 , . . . , z n centred at x such that { ∂ ∂z 1 , . . . ,
∂ ∂zr
} is a frame for N over U and { ∂ ∂z r+1 , . . . ,
∂ ∂zn
} is a frame for F over U. Such coordinates will be called local product coordinates by analogy with the terminology of [Rei58] . Put z ′ = (z 1 , . . . , z r ) (the N-tangent coordinates) and z ′′ = (z r+1 , . . . , z n ) (the F -tangent coordinates). Thus, the leaves of F are locally defined by the equations
where c 1 , . . . , c r are constants, while the operators ∂ N and ∂ F are locally defined by
There always exists (e.g. by the analogue of the argument for the real case in [Rei58, p.245-246]) a Hermitian metric ω on X, called henceforth a product metric, which in every system of local product coordinates z 1 , . . . z r , z r+1 , . . . , z n has the shape
In general, the coefficients ω jk are functions on U depending on both groups of coordinates z ′ and z ′′ . We put
For some of our results that follow, we shall need to assume the existence of a special kind of Hermitian metric on X adapted to the (N, F ) structure. The name is borrowed from [Rei59] (where the real case was studied) whose analogue to the complex Hermitian context we consider.
Definition 6.1 A bundle-like Hermitian metric on a compact complex manifold X endowed with an integrable holomorphic almost product structure (N, F ) is a Hermitian metric ω which in every system of local product coordinates z 1 , . . . z r , z r+1 , . . . , z n has the shape ω = r j, k=1
The spectral sequence induced by (N,
stand for the space of its global smooth sections. The integrable operators
define a double complex E •, • (X) with the total differential ∂ = ∂ N + ∂ F . We consider the spectral sequence associated in the standard way with this double complex (see e.g. [Dem 96, §.9] or [Voi02, §.8.3.2]). As usual, the first two steps in the spectral sequence are defined by the second differential ∂ F , resp. the first differential ∂ N . Indeed, we put E p, q 0 := E p, q (X) and d 0 := ∂ F , so the groups E 1 = E 1 (N, F ) are defined as the cohomology of the complex
i.e. E p, q 1
This means that for any form α ∈ E p, q (X) such that
. This is meaningful since from ∂ = ∂ N + ∂ F and from ∂ (84) is indeed a complex. The groups E 2 = E 2 (N, F ) are defined as the cohomology of this complex, i.e. for all p, q we have
so the elements of E p, q 2 are d 1 -classes of ∂ F -classes. This spectral sequence converges to the ∂-cohomology in bidegrees (k, 0) of the manifold X, i.e. if we let E p, q ∞ := lim s→+∞ E p, q s , we have canonical isomorphisms
7 The non-differential Laplacian and E 2 degeneration
Let X be an n-dimensional compact complex manifold equipped with an integrable holomorphic almost product structure (N, F ) and with a product Hermitian metric ω. By analogy with the Frölicher case described in Part I, we consider the following operators
the orthogonal projections onto the ∆ ′ N -harmonic, resp. the ∆ ′ F -harmonic spaces. Similarly, let 
Again by analogy with the Frölicher case, we define our main object of study in this second part.
Definition 7.1 Let X be a compact complex manifold with dim C X = n equipped with an integrable holomorphic almost product structure (N, F ) and with a product Hermitian metric ω. For every p, q, we define the operator
In other words, we have The idea we shall now be pursuing is to find a hypothesis ensuring that ∆ ′ satisfies Gårding's inequality by ensuring that ∆ Theorem 7.2 Suppose that for every p, q the following identity holds:
(i) There exists a constant 0 < ε < 1 such that for all p, q we have
(ii) There exist constants δ 1 , δ 2 > 0 such that for all p, q, Gårding's inequality holds for ∆ ′ :
where || || 1 stands for the Sobolev norm W 1 and || || stands for the L 2 norm. (iii) The above Gårding's inequality implies in turn that ker ∆ ′ is finite-dimensional, that the image Im ∆ ′ is closed in E p, q (X) and that the following 3-space orthogonal decomposition holds:
Moreover, the decomposition (95) also holds when Im
p, q (X) and the following Hodge isomorphism holds:
Thus, every class 
The constant in the last inequality is necessarily in the interval (0, 1) since ||p 
. This proves (93).
(ii) Thanks to (93) and to Gårding's inequality satisfied by the elliptic differential operator ∆
for all u ∈ E p, q (X). This proves (94) after putting δ 1 := δ ′ 1 and δ 2 := (1 − ε)δ ′ 2 . (iii) Gårding's inequality (94) implies the finite dimensionality of ker ∆ ′ and the closedness of Im ∆ ′ by standard arguments (see e.g. [Dem96, 3.10. p. 18-19] ). Since ∆ ′ is self-adjoint, (94) also implies the following 2-space orthogonal decomposition:
Now, it is clear that Im ∆ ′ is contained in (98) are, in turn, contained in E p, q (X), the conjunction of (97) and (98) implies (95) and also that the inclusion (98) is actually an equality.
(iv) If ∂ N and ∂ ⋆ F anti-commute, then the following orthogonality relations hold:
Indeed, for u arbitrary and v ∈ ker ∆
Similarly, for u, v arbitrary, we have
On the other hand, it is clear that in any pre-Hilbert space, whenever the sum of two mutually orthogonal subspaces is closed, each of the two subspaces is closed. From (iii) we know that Im ∆ ′ is closed in E p, q (X) and that it splits orthogonally as Im
X). Thanks to the orthogonality relations (99), we infer that Im
The proof of the Hodge isomorphism statement (96) uses crucially the closedness of Im ∂ F and runs along the lines of the proof of the analogous Theorem 3.4 of the Frölicher case. We shall therefore limit ourselves to pointing out the main steps.
The sum of the first two main terms on the r.h.s. of (95), after replacing Im (
since ker(p
F . Therefore, we immediately obtain the isomorphism (cf. (31)):
where [α] denotes the class in H
On the other hand, the linear map
is seen to be well defined and an isomorphism as in the proof of the analogous Proposition 3.1. The closedness of Im ∂ F is a key ingredient here. For example, for T to be well defined, we need
, which amounts precisely to ∂ N α ∈ Im ∂ F . If Im ∂ F were not closed, this would only amount to the weaker property
It is now clear that the composition of the isomorphisms (101) and (102) provides the Hodge isomorphism (96).
(
is the standard ∂-Laplacian induced by the metric ω (where E k (X) is the space of smooth (k, 0)-forms on X), the usual Hodge isomorphism theorem for ∂ gives the isomorphism
Coupled with the Hodge isomorphism (96), this shows (as in the proof of Lemma 5.1) that if the identity map induces a well-defined linear map
then E 2 (N, F ) = E ∞ (N, F ). Indeed, if well defined, the map (103) is necessarily injective, so we get an injection E p, q
(X, C) for all p, q. Now, since ω is a product metric, one easily checks that for any (p, q) = (r, s) such that p + q = r + s = k, the images in H
This implies the degeneration at E 2 of the spectral sequence.
On the other hand, ker (91)). Meanwhile, the following analogue of (43) holds:
Putting these facts together, we see that the map (103) is well defined whenever the following inclusion holds
This is the analogue of Lemma 5.5. Summing up, we have just argued that if (104) holds for all p, q, then E 2 (N, F ) = E ∞ (N, F ). Now, we claim that the following implications hold:
In view of the above arguments, the implications (105) prove (v).
To prove the first part of implication (a) of (105) )). This implies the orthogonal 3-space decompostion
Now, let u ∈ E p, q (X). By (106), u splits uniquely and orthogonally as 
To prove implication (b) of (105), we run the analogue of the proof of the last statement in (i) of Theorem 5.6. Let u ∈ ker ∆
we get the second identity below: Theorem 8.1 Let X be a compact complex manifold with dim C X = n equipped with an integrable holomorphic almost product structure (N, F ) and with a product Hermitian metric ω.
If ω is a bundle-like metric (cf. Definition 6.1) and if
The proof will proceed in local coordinates along the lines of the proof of the standard Hermitian commutation relations (120) (cf. [Dem97, VII, §.1]) adapted to the foliated situation. We start with the following calculation.
Lemma 8.2 Let z 1 , . . . , z r , z r+1 , . . . , z n be local product coordinates and let ω be a product metric for (N, F ) (cf. §.6 for the terminology). Then, the formal adjoint of dz l ∧ · is given by
Proof. For any vector field ξ of type (1, 0), the formal adjoint w.r.t. ω of the contraction by ξ is easily checked to be given by the formula
where α ξ is the smooth (0, 1)-form defined by α ξ := ξ ω. Indeed, (110) is a pointwise formula since it involves only operators of order zero. Fixing an arbitrary point x and choosing local coordinates about x in which ω(x) is given by the identity matrix, we have (∂/∂z l ·) ⋆ = dz l ∧ · for all l. This implies (110) at x.
In our case, ω is given by (81), so α ∂ , we get
Thus,
These identities are equivalent to (109). Proof. Using formula (109), we get
where we have put a sl := r j, k=1
ω kj ω sk ω jl . From this, we get for every form u:
and since δ lτ = 0 for all l ∈ {1, . . . , r} and all τ ∈ {r + 1, . . . , n}, the above identity reads
Hence
u since the top line on the r.h.s. of (111) clearly vanishes.
On the other hand, if ω is a bundle-like metric in the sense of Definition 6.1, the coefficients ω jk with j, k ∈ {1, . . . , r} depend only on the variables z ′ = (z 1 , . . . , z r ), so the derivatives of all the quantities ω kj , ω sk , ω jl with indices j, k, s, l ∈ {1, . . . , r} w.r.t. any of the variables z τ with τ ∈ {r +1, . . . , n} vanish. This implies that ∂a sl ∂zτ = 0 for all l, s ∈ {1, . . . , r} and all τ ∈ {r +1, . . . , n}, which further implies that [Λ N , ∂ F ] = 0 thanks to the above formula.
The next observation is that the standard Hermitian commutatin relations (120) are still valid for ∂ N and ∂ F .
If ω is a bundle-like metric in the sense of Definition 6.1, the following identity holds:
Proof. We shall only prove this identity in the case when ∂ N ω N = 0 (hence τ N = 0) since this is the only case we need in this paper. Fix an arbitrary point x 0 ∈ X and choose local holomorphic product coordinates about x 0 such that ω jk (x 0 ) = δ jk for all j.k ∈ {1, . . . , r}. Thanks to the assumption ∂ N ω N = 0, we can choose these coordinates to also satisfy the property:
We now use the notation and the computations in the proof of Lemma 8.3 to deduce the following identity (which is the analogue of (111) but with an extra term) for every form u:
The extra term comes from the fact that τ ranges now from 1 to r, so (∂/∂z l ) dz τ = δ lτ and δ lτ = 1 when l = τ (a situation which, unlike in the case of the proof of Lemma 8.3, can occur). With our choice of coordinates, we have a sl (x 0 ) = δ sl and also, thanks to (113), (∂a sl /∂z τ )(x 0 ) = 0 for all l, s, τ ∈ {1, . . . , r}. We conclude from (114) that
Meanwhile, a simple integration by parts shows that the adjoint of ∂/∂z l acting on functions is
∂z l g for every function g and every l ∈ {1, . . . , n},
where det ω stands for the determinant of the matrix (ω jk ) j,k=1,...,n . Using (109) and (116), we get
..,r det(ω jk ) j, k=r+1,...,n since ω is a product metric. Meanwhile, ∂ω jk /∂z l = 0 for all j, k ∈ {r+1, . . . , n} and all l ∈ {1, . . . , r} by the bundle-like assumption on ω. Combined with (113), these properties imply that ∂(det ω)/∂z l (x 0 ) = 0 for all l ∈ {1, . . . , r}. Since ∂ω kl /∂z l (x 0 ) = 0 for all k, l ∈ {1, . . . , r} by (113), (117) translates to the following identity at x 0 for every form u:
The conjunction of (115) and (118) Proof. (i) If u is an arbitrary differential form, we have
End of proof of Theorem 8.1. We shall actually prove the identity
where H p, q ∂ϕ (X, C) := ker ∂ ϕ /Im∂ ϕ at the level of (p, q)-forms, while [α] ∂ϕ stands for the ∂ ϕ -cohomology class of α and the analogous notation is used for the∂ ϕ , ∂ and∂-cohomologies. This illustrates one of the main ideas in [Wit82] : the twisting (125) of the connection does not change the cohomology.
On the other hand, we have
Taking adjoints w.r.t. the L 2 inner product defined by the metric ω, we get
where ξ ϕ ∈ C ∞ (X, T 1, 0 X) (resp. its conjugateξ ϕ ∈ C ∞ (X, T 0, 1 X)) is the unique vector field of type (1, 0) (resp. (0, 1)) satisfying
where, by analogy with the standard Lie derivative w.r.t. a vector field in the real context, we define the (1, 0)-Lie derivative w.r.t. ξ ϕ , resp. the (0, 1)-Lie derivative w.r.t.ξ ϕ , by
We now consider the Laplace-Beltrami operators associated with ∂ ϕ , resp.∂ ϕ , and the Hermitian metric ω, i.e. the holomorphic, resp. anti-holomorphic Witten Laplacians induced by ϕ and ω:
Lemma 9.2 The Witten Laplacians are given in terms of the standard Laplacians by the formulae
where |∂ϕ|
ω is the pointwise squared norm w.r.t. ω of the (1, 0)-form ∂ϕ and also of the (1, 0)-vector field ξ ϕ .
This proves (135) and (133). and we get (140).
Theorem 9.5 For every compact Hermitian manifold (X, ω) and every smooth function ϕ : X → R, the following twisted Bochner-Kodaira-Nakano-type identity holds: 
We shall now compute the term by which the r.h.s. of (152) 
where the last identity is the Jacobi identity. Now, [∂, ∂ϕ ∧ ·] u =∂(∂ϕ ∧ u) − ∂ϕ ∧∂u =∂∂ϕ ∧ u 
On the other hand, the second term on the r.h.s. of (152) 
where the last identity is due to the fact that −2 [∂ϕ ∧ ·, iξ ϕ ·] = 2|∂ϕ| 2 ω which follows, in turn, by taking conjugates in (154).
It is now clear that (152) and (158) prove between them the desired identity (144). The proof of Theorem 9.5 is complete.
Torsion and spectral gap
We have seen in Lemma 5.2 that inequality (44) suffices to guarantee the degeneration at E 2 of the Frölicher spectral sequence of X. We spell out in this section a few calculations aimed at bounding below the term (1 − ε − δ) (||p ′′ ⊥ ∂u|| 2 + ||p ′′ ⊥ ∂ ⋆ u|| 2 ) featuring on the l.h.s. of (44). The arguments resemble those in §. 5.1.
Since X is compact, the spectres of the non-negative elliptic operators ∆ ′ = ∆ ′ p, q , ∆ ′′ = ∆ ′′ p, q : C 
where ∆ ⊥ . Then, using (162), we get the identity below:
where the SKT assumption on ω has been used to have the signless term in T ω vanish. Since v ∈ ker ∆ ′′ = ker∂ ∩ ker∂ ⋆ , the first three terms on the r.h.s. of (163) 
If v = 0, this is clearly impossible under the assumption (160). So v = 0 and (iii) is proved.
Corollary 9.9 If ω is SKT and if condition (160) is satisfied for all (p, q), then there exists a constant 0 < ε 1 < 1 such that
for all (p, q) and all u ∈ C Proof. Thanks to the first of the orthogonal 3-space decompositions (13), both choices v = ∂u and v = ∂ ⋆ u satisfy the requirement v ∈ (ker ∆ ′ ) ⊥ , so (161) applies. Then (165) follows from (161) and from ||∂u|| 2 + ||∂ ⋆ u|| 2 = ∆ ′ u, u .
